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Abstract

In this article, we deal with the following two questions. For smooth actions of a
given finite group G on spheres S, which smooth manifolds F' occur as the fixed
point sets in S, and which real G-vector bundles v over F' occur as the equivariant
normal bundles of F in S7 We focus on the case G is an Oliver group and answer
both questions under some conditions imposed on GG, F', and v. We construct smooth
actions of G on spheres by making use of equivariant surgery, equivariant thickening,
and Oliver’s equivariant bundle extension method modified by an equivariant wegde
sum construction and an equivariant bundle subtraction procedure.
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Introduction

In the transformation group theory, a basic problem reads as follows. For
smooth actions of a given finite (more generally, compact Lie) group G on
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specific smooth manifolds M, describe necessary and sufficient conditions for
a smooth manifold F' to occur as (i.e., to be diffeomorphic to) the fixed point
set M. Once we know that F = MY, another basic problem is to describe
necessary and sufficient conditions for a real G-vector bundle v over F' to occur
as (i.e., to be isomorphic to) the equivariant normal bundle vgcys of F' in M.

By the Slice Theorem, for a compact Lie group GG and a smooth G-manifold
M, the fixed point set F' = M is a smooth submanifold of M with boundary
OF = FNOM (cf. [6, Corollary 2.5, p. 309]). If M is compact, F' is compact.
Thus, if M is closed (i.e., M is compact and M = @), F' is closed too.

In this article, by a disk D (resp., sphere S) we mean a ball with boundary
(resp., the boundary of a ball) in some Euclidean space, considered with the
standard smooth structure. We deal with the basic two problems for smooth
actions of G on spheres S. In particular, the fixed point set F' = S¢ is a closed
smooth manifold. Further restrictions on F' may occur and they depend on
the group G. We focus on the case G is a finite Oliver group.

Let G be a finite group. Following [41], a series of subgroups of G of the form
P <4 H <G is called an isthmus series if |P| = p™ and |G/H| = ¢" for some
primes p and ¢ (possibly p = ¢) and some integers m,n > 0, and the quotient
group H/P is cyclic (possibly H = P).

According to Oliver [33], a finite group G has a smooth fixed point free action
on a disk if and only if G has no isthmus series of subgroups. More generally,
by the results of Oliver [33] and [34], a compact Lie group G has a smooth fixed
point free action on a disk if and only if the identity connected component G,
of G is nonabelian or G/G( has no isthmus series of subgroups.

A finite group G is called an Oliver group if G has no isthmus series of sub-
groups (i.e., G has a smooth fixed point free action on a disk). Recall that a
finite nilpotent group G is an Oliver group if and only if G has three or more
noncyclic Sylow subgroups, and any finite nonsolvable group G is an Oliver
group (cf. [33] and [34]). Recall also that any finite nonsolvable group G has
a smooth action on a sphere with exactly one fixed point (cf. [24]). Moreover,
a finite group G has a smooth action on a sphere with exactly one fixed point
if and only if G is an Oliver group (cf. [25]). As a result, for a finite group G,
the following three claims are equivalent.

(1) G has a smooth one fixed point action on a sphere.
(2) G has a smooth fixed point free action on a disk.
(3) G is an Oliver group.

For a given finite group G, we denote by P(G) the family of subgroups of G
consisting of the trivial subgroup {e} and all p-subgroups for all primes p ||G |.



A subgroup H of a finite group G is called a large subgroup of G if OP(G) < H
for some prime p, where OP(G) is the smallest normal subgroup of G such
that |G/OP(G)| = p”* for some integer k& > 0. We denote by £(G) the family
of large subgroups of G.

By a real G-module we mean a finite dimensional real vector space V with a
linear action of GG. For a given family £ of subgroups of GG, a real G-module V'
is called L-free if dim V¥ = 0 for each H € £. More generally, a real G-vector
bundle v over a smooth G-manifold M is called L-free if no H € L occurs
as the isotropy subgroup in the total space S(v) of the invariant unit sphere
bundle of v.

Except for Theorems 11-13 involving L-free G-vector bundles for £ = {G},
we consider (without mentioning it explicitly) £-free G-vector bundles always
for £ = L(G). Note that for any finite perfect group G, OP(G) = G for each
prime p, and thus £(G) = {G}.

Following [32], a finite group G is called a gap group if P(G) N L(G) = &
and G has a real L-free G-module V such that dim V¥ > 2dim V¥ for all
subgroups P < H < G with P € P(G). If G is a finite Oliver group, then
P(G)NL(G) = & (cf. [25]). We refer the reader to [14], [32], and [49] for basic
information on gap groups, in particular, for arguments showing that a finite
Oliver group G is a gap group under either of the following conditions.

(1) G has a cyclic quotient of order pg for two distinct odd primes p and ¢
(which is true when G is nilpotent, in particular, when G is abelian).
(2) O*(G) = G (which is true when G is perfect or G is of odd order).

(3) G has a quotient which is a gap group.

Also, by [14] or [32], the symmetric group S, on n letters is a gap group if
and only if n > 6. Let H be a subgroup of a finite group G. If H is an Oliver
group, then G itself is an Oliver group. However, if H is a gap group, then G
is not necessarily a gap group (e.g., take H = A5 and G = Sj).

Let G be a finite group not of prime power order. An action of G on a space
X is called P-typical if X¥ . XY # & for each P € P(G), which amounts to

saying that X \ X% # & for each Sylow subgroup G, of G with p ‘|G|

Let G be a finite group not of prime power order (resp., a finite Oliver group).
By Smith theory, any smooth fixed point free action of G on a Euclidean space
(resp., disk) is P-typical. Moreover, for a finite Oliver group G, any smooth
one fixed point action of G on a sphere is P-typical.

Any smooth action of G on a Euclidean space (resp., disk) M with nonempty
fixed point set F' can be converted into a smooth P-typical action of G on
some Euclidean space (resp., disk) with the same fixed point set F'. In fact,



the diagonal action of G on M x V' (resp., M x D(V)) is the required action
of G, where V' (resp., D(V')) is a real G-module (resp., the invariant unit disk
in a real G-module V) with dim V¢ = 0 and dim V* > 0 for each P € P(G).

In the next section, for any finite group G not of prime power order, and any
real G-vector bundle 1 over a smooth manifold F, we define a KO-theory
obstruction Of(n) which we shall call the Oliver obstruction of n. In the case
1 = Tr®v, the Whitney sum of the tangent bundle 77 of F' and a real G-vector
bundle v over F, we set OUF,v) = Ol S v).

Now, we are ready to state Theorems 1-6 which contain the main results of
this article. Theorems 1 and 2 correspond to Theorems 11 and 12, where using
the notion of Oliver obstruction, we restate Oliver’s results about the fixed
point sets of smooth actions on disks and Euclidean spaces.

Theorem 1 Let G be a finite Oliver gap group. Let F' be a smooth manifold
whose connected components are all simply connected. Let v be a real L-free
G-vector bundle over F. Then the following two claims are equivalent.

(1) F is the fized point set of a smooth P-typical action of G on a sphere S
such that vpcs 2 v @ eW for some real L-free G-module W .

(2) F is closed and OU(F,v) = 0.

Theorem 2 Let G be a finite Oliver gap group. Let F' be a smooth manifold
whose connected components are all simply connected. Assume also that F' is
closed. Then the following two claims are equivalent.

(1) F is the fized point set of a smooth P-typical action of G on a sphere S
such that the equivariant normal bundle vpcg is L-free.
(2) There exists a real L-free G-vector bundle v over F with O¢(F,v) = 0.

Let G be a finite group. As in [36, p. 599], two real G-modules U and V are
called P-matched if Res$(U) = Res%(V) for each P € P(G). The following
theorem corresponds to Theorem 13 concerned with smooth actions on disks
and Euclidean spaces.

Theorem 3 Let G be a finite Oliver gap group. Let F' be a closed smooth
manifold whose connected components FY, ..., F} are all stably parallelizable.
Let Vi, ..., Vi, be real G-modules with dim V' = dim F; for each H € L(Q)
and 1 <1 < k. Then the following two claims are equivalent.

(1) F is the fized point set of a smooth P-typical action of G on a sphere S
such that T,,(S) = V;®W for each z; € F; and 1 <i < k, and some real
L-free G-module W .

(2) The G-modules V; and V; are P-matched for 1 <i,j <k.



Now, for a finite Oliver group G and a closed smooth manifold F', we wish to
consider the following three claims about G and F.

(1) F is the fixed point set of a smooth P-typical action of G on a sphere.
(2) F is the fixed point set of a smooth action of G on a disk.
(3) F is the fixed point set of a smooth action of G on a Euclidean space.

By Theorem 11, (2) and (3) are equivalent (cf. the comment after Theorem 11).
By Lemma 7 and Theorem 11, (1) implies (2). In general, the question whether
(2) implies (1) is open. However, under some additional conditions imposed
on G and F', we show that (2) implies (1), and thus (1) and (2) are equivalent.

In the case the claims (1) and (2) are equivalent, we can answer explicitly (by
using Theorem 12) the question which closed smooth manifolds F' occur as
the fixed point sets of smooth P-typical actions of G on spheres.

Theorem 4 Let G be a finite (nontrivial) perfect group. Let F be a closed
smooth manifold such that each connected component of F' is simply connected
or stably parallelizable. Then the following three claims are equivalent.

(1) F is the fized point set of a smooth P-typical action of G on a sphere.
(2) F is the fized point set of a smooth action of G on a disk.
(3) The conclusion about the class [tg| in Theorem 12 (3) holds.

We say that a finite group G has a pqr-cyclic quotient if G has a cyclic quotient
of order pqr for three distinct primes p, ¢, and r. Recall that a finite group
G is nilpotent if and only if G is the product of its Sylow subgroups (i.e., all
Sylow subgroups of G are normal subgroups of ). Thus, if a finite nilpotent
group G has three or more Sylow subgroups, then GG has a pgr-cyclic quotient.
Therefore, any finite nilpotent Oliver group G has a pgr-cyclic quotient.

Theorem 5 Let G be a finite Oliwver group with a pqr-cyclic quotient, and
in the case G is of even order, assume also that Go < G. Let F be a closed
smooth manifold such that each connected component of F' is simply connected
or stably parallelizable. Then the following three claims are equivalent.

(1) F is the fized point set of a smooth P-typical action of G on a sphere.
(2) F is the fized point set of a smooth action of G on a disk.
(8) F is a stably complex manifold.

The question which configurations of Pontrjagin numbers occur for the fixed
point sets of smooth actions of G on spheres was considered for the first time
by Schultz [47] in the case G = Z,,;, the cyclic group of order pg for two
relatively prime odd integers p and ¢. By [40, Theorem A], all configurations
of Chern and Pontrjagin numbers do occur when G is a finite perfect group
with appropriate cyclic subgroups. In this article, we show that the same is



true when G is a finite perfect group with a pg-element, or G is a finite Oliver
group with a pgr-cyclic quotient. This extends the result of [40, Theorem A].

Theorem 6 Let G be a finite perfect group with a pg-element, or let G be
a finite Oliver group with a pqr-cyclic quotient. Let M be an oriented closed
smooth manifold of dimension 2k (resp., 4k) for an integer k > 0. Then there
exists a smooth action of G on some sphere such that the fixed point set F is
an oriented closed smooth manifold of dimension 2k (resp., 4k) and F' has the
same Chern (resp., Pontrjagin) numbers as does M.

The proofs of Theorems 1-6 follow by a number of results collected in this
article. In the proofs, the crucial new ingredients are constructions of group
actions described in Theorems 27 and 28, and Corollary 29. In order to perform
the constructions, we use equivariant thickening (Theorem 17), equivariant
surgery (Theorem 18), an equivariant bundle extension method (Theorem 19)
and an equivariant bundle subtraction procedure (Theorem 20).

We refer the reader to the textbooks [1], [6], [12], [21] for background material
on the transformation group theory that we use in this article.

1 Oliver obstruction and stably complex fixed point sets

Let G be a finite group not of prime power order. Let F' be a smooth manifold
with the trivial action of G. We introduce the notion of Oliver obstruction
for a real G-vector bundle n over F. In order to define the obstruction, for
any P € P(G), we consider the P-vector bundle Res%(n) obtained from 7 by
restricting the action of G to the action of P.

Let KO(F) be the reduced real K-theory of F. Let [Res{Ge}(n)] € KO(F) be the
class of Res{i} (n). For any p-subgroup P # {e}, let [?@p(F)(p) be the reduced
P-equivariant real K-theory of F localized at p, and let KOp(F )(p)/div, be

the quotient of KO p(F)(p) by the subgroup of infinitely p-divisible elements.
Let [Res@(n)](p) € KOp(F)()/div, be the element determined by Res%(n).

Define the Oliver obstruction Of(n) of n by setting

Ol(n) = ResZy (N + Y. [ResE(n)lp € KO(F)@ @ KOp(F)q/div,
P#{e} P#{e}

where P # {e} ranges over all p-subgroups of G for all primes p “G |.

If F' is compact, KO p(F) is finitely generated, and therefore the subgroup of



infinitely p-divisible elements in KO p(F )(p) is trivial. As a result,
KOP(F)(p)/lep == KOP(F)(p)

and thus Of(n) = 0 if and only if Res {Ge}(r]) stably is a product vector bundle
and the element [Res$(n)] € KOp(F) is of finite order not divisible by p for
each prime p “G | and each p-subgroup P # {e} of G.

For a real G-vector bundle v over F', we consider the Whitney sum 7 @ v of
7r and v, where 77 is the tangent bundle of F' with the trivial action of G,
and we set OU(F,v) = Ol(1p @ v).

According to [36], if a finite group G acts smoothly on a disk or Euclidean
space M, then OU(F,v) = 0 for F = M% and v = vpcy. We show that a
similar result holds for smooth P-typical actions of G on homotopy spheres.
Henceforth, by a homotopy sphere we mean a topological sphere with a smooth
structure. Recall that each homotopy sphere is a stably parallelizable manifold
(called also a m-manifold; see [22] and [23, Corollary (8.6), p. 191]).

Lemma 7 Let G be a finite group not of prime power order. Let F be the
fixed point set of a smooth P-typical action of G on a homotopy sphere 3.
Then OUF,v) =0 for v =vpcs.

PROOF. As X is stably parallelizable, [Res(}, (tp ® v)] = [Res() (tx|p)] = 0
in KO(F). For any prime p ‘|G|, take any p-subgroup P # {e} of G and choose
some point x € X ' (remember the action of G on X is P-typical). Now,
using the Slice Theorem, remove some sufficiently small open P-invariant ball
neighborhood U of x in X' to get a smooth action of P on the disk D = X'\ U
with D > F. It follows from Smith theory that KOp(DF )@ = 0. Therefore

[Res@(mr @ v)] = [ResG((Tar]pr)|r)] = 0 in KOp(F)). O

Following [18], a smooth manifold M is called stably complez if the class [7x/]
determined by 73, in KO(M) lies in the image of the forgetful (realification)
map r¢ : K(M) — KO(M) defined on the reduced complex K-theory K (M)
of M; i.e., the tangent bundle 7, of M admits a complex structure possibly
after adding a product vector bundle. This condition amounts to saying that
M has a smooth embedding into some Euclidean space, such that the normal
bundle of the embedding admits a complex structure. In particular, a stably
complex smooth manifold M is orientable and the connected components of
M are all either odd or even dimensional.

The following proposition goes back to Edmonds and Lee [18, (3.1) and (3.2)]
and it involves a Sylow 2-subgroup G; of G.



Proposition 8 If a finite group G acts smoothly on a smooth manifold M,
then the fized point set MC is a stably complex manifold under either of the
following two conditions.

(1) G is of odd order and M s stably complex.
(2) Go <G and M is Zy-acyclic (and thus stably complez).

Now, we wish to show that if a finite group GG acts smoothly on a homotopy
sphere X, then Y9 is a stably complex manifold under the condition that
Gy < G and X2 £ 39 First, we prove the following lemma.

Lemma 9 If a finite 2-group G acts smoothly on a homotopy sphere X, then
for any point x € XY, the manifold X ~ {z} is stably compler.

PROOF. For any * € X%, consider the action of G on the contractible
manifold £ = X'\ {z}. As G is a finite 2-group, it follows from Smith theory
that EY is Zy-acyclic, and thus EY is stably complex (cf. [18], [20]). Clearly,
EC¢ =X {x}. O

Proposition 10 If a finite group G acts smoothly on a homotopy sphere X,
then the fized point set X is a stably complex manifold under either of the
following two conditions.

(1) G is of odd order.
(2) Gy QG and L5 # 3¢,

PROOF. (1) Assume that G is of odd order. As X' is stably parallelizable,
Y is stably complex, and thus so is £¢ by Proposition 8 (1).

(2) Assume that G < G and X9 # 3¢ Choose some point z € X% \ L¢,
As Gy < G, the orbit G(x) of x is a subset of X%, Consider the standard
action of G/Gy on Y& with (X2)%/% = $¢ By Lemma 9, the manifold
M = X% \ G(z) is stably complex. As the group G/G> (of odd order) acts
smoothly on M with M%/¢2 = ¥& the manifold X¢ is stably complex by
Proposition 8 (1). O

2 Fixed point sets and orientability of equivariant bundles

Let G be a p-group for some prime p. Then a compact smooth manifold F'
is the fixed point set of a smooth action of G on a disk if and only if F' is
Zy-acyclic and stably complex. The necessity of the conditions on F' follows
from Smith theory and Proposition 8, while the sufficiency reduces to the case



G = Z, and goes back to Jones [20]. Also, a smooth manifold F' with 0F = &
is the fixed point set of a smooth action of G on a Euclidean space if and
only if F' is Zy-acyclic and stably complex (cf. [39, Theorem A]). We refer
the reader to the article of Weinberger [50] for a survey of related results for
actions of p-groups on spheres.

In the case G is a finite group not of prime power order, Oliver [36] has
answered completely the following two basic questions. For smooth actions of
G on disks (resp., Euclidean spaces) M, which smooth manifolds F' occur as
(i.e., are diffeomorphic to) the fixed point sets M (written FF = M%) and
which real G-vector bundles v over F' stably occur as the equivariant normal
bundles of F'in M (i.e., as G-vector bundles, vpcy = v @ ey for some real G-
module W)? We refer the reader to the articles [2], [3], [13], [17]-[19], [33]-[35],
[37]-[40], [46] for partial answers and related results obtained before the work
of Oliver [36]. In Theorems 11 and 12, using the notion of Oliver obstruction,
we restate the main results of [36] about the fixed point sets of smooth actions
of G on disks and Euclidean spaces (cf. Theorems 1 and 2 in this article).

Theorem 11 ([36]) Let G be a finite group not of prime power order, and
let L ={G}. Let F be a smooth manifold and let v be a real L-free G-vector
bundle over F'. Then the following two claims are equivalent.

(1) F is the fixed point set of a smooth action of G on a disk (resp., Fuclidean
space) M such that vpcy = v @ eW for some real L-free G-module W.

(2) F is compact, the Euler characteristic x(F) =1 (mod ng) and the Oliver
obstruction OU(F,v) =0 (resp., OF = @ and OL(F,v) =0).

The integer ng > 0 (known as the Oliver number of G) has been determined
and computed by Oliver [33]-[35] for all finite groups G' not of prime power
order (see [36, Theorem 0.3] for a summary of computation of ng). By [33],
ng = 1 if and only if G has a smooth fixed point free action on a disk. Hence,
ng = 1 if and only if G is an Oliver group. So, if G is a finite Oliver group,
then there is no restriction on the Euler characteristic y(F') of the fixed point
set F' = DY for smooth actions of G on disks D. As a result, a closed smooth
manifold F' is (diffeomorphic to) the fixed point set of a smooth action of G
on a disk if and only if F' is (diffeomorphic to) the fixed point set of a smooth
action of G on a Euclidean space (see Theorem 11).

Consider the reduced K-theory groups [/(VO(F ), K (F), and @(F ) defined
by using the real, complex, and quaternion vector bundles over F'. Moreover,
consider the maps

KO(F) - K(F) = KSp(F) and KSp(F) -5 K(F) -5 KO(F)

where cg and gc are the induction (complexification and quaternization) maps
and cy and r¢ are the forgetful (complexification and realification) maps.



In [36, Theorem 0.2 and Lemma 3.1], the class of finite groups G not of prime
power order is divided into six mutually disjoint classes defined by using some
G-modules, as well as by using only group theoretic terms. We recall the latter
description and we adopt the following definitions. An element g € G is called
real if ¢ is conjugate to its inverse ¢~'. Let p and ¢ be two distinct primes.
Then an element g € G is called a pg-element if g is of order pq. Moreover,
we say that G has a pq-dihedral subquotient if G has two subgroups H and N
such that N 9 H and H/N is isomorphic to the dihedral group of order 2pq.
Recall that GGy denotes a Sylow 2-subgroup of G.

We define six mutually disjoint classes A, B, C, D, £, F of finite groups G by
assuming that G is not of prime power order and the following holds:

A : G has a pg-dihedral subquotient, and thus G has a real pg-element.
: (G has no pg-dihedral subquotient and G has a real pg-element.

: G has no real pg-element, G has a pg-element, and G, 4 G.
: G has no real pg-element, G has a pg-element, and Gy < G.

: G has no pg-element and Gy 4 G.

9 MmOy O

: G has no pg-element and Gy < G.

If G € AUB, then G has a real pg-element, and thus G, 4 G. So, for a finite
group G not of prime power order, G5 < G if and only if G € DU F. Hence,
if G is perfect, G €e AUBUCUE.

Theorem 12 ([36]) Let G be a finite group not of prime power order, and
let L ={G}. Let F be a compact smooth manifold with x(F) =1 (mod ng).
Then the following three claims are equivalent.

(1) F is the fized point set of a smooth action of G on a disk.
(2) There exists a real L-free G-vector bundle v over F' with OL(F,v) = 0.
(3) For the class [tp] € KO(F') of the tangent bundle Tr of F':

G e A : there is no restriction on ).

GeB : cxllre)) € cu(KSp(F)) + tor(K (F)).
GeC : [rp] €rc(K(F))+tor(KO(F)).

GeD : [rp] €rc(K(F)) (i.e., F is stably complex).

Ge& : [1p| €tor(KO(F)).

GeF : [tr] €rc(tor(K(F))).

10



By [36], a result similar to Theorem 12 holds also for smooth actions of G on
Euclidean spaces. In the corresponding version of Theorem 12, F' is a smooth
manifold with 0F = @, and for A = KO(F) or K(F), the subgroup tor(A)
of torsion elements in A is replaced by the subgroup qdiv(A) of quasidivisible
elements in A. Recall that qdiv(A) = tor(A) when A is finitely generated.

Oliver’s results yield the following generalization of [36, Theorem 0.4] which
should be compared with Theorem 3 in this article.

Theorem 13 ([36]) Let G be a finite group not of prime power order, and let
L ={G}. Let F be a smooth manifold whose connected components Fi, ..., Fy
are all stably parallelizable. Assume that F is compact and x(F) =1 (mod ng)
(resp., OF = @). Let Vi, ..., V}, be real G-modules with dim V.¢ = dim F; for
1 <1 < k. Then the following two claims are equivalent.

(1) F is the fixed point set of a smooth action of G on a disk (resp., Fuclidean
space) M such that T,, (M) =V, & W forx; € F;, 1 <i <k, and some
real L-free G-module W .

(2) The G-modules V; and V; are P-matched for 1 <i,j <k.

For a finite group G, a real G-module V is called G-oriented if V* is oriented
for each H < G, and the transformation g : V# — V# 2 - gz is orientation
preserving for any g € Ng(H), the normalizer of H in G. A real G-module V/
is called P-oriented if V' is oriented for each P € P(G), and g : VI — VI
is orientation preserving for any g € Ng(P). A real G-vector bundle v over
a space with the trivial action of G is called G-oriented (resp., P-oriented) if
each fiber of v is G-oriented (resp., P-oriented) as a real G-module. Note that
if V' is the realification of a complex G-module, then V' is G-oriented.

Let G be a finite group. For any connected oriented smooth G-manifold X,
the orientation homomorphism

wy : G — {£1}

is defined by setting wx(g) = 1 if g : X — X is orientation preserving, and
wx(g) = —1if g: X — X is orientation reversing.

Lemma 14 Let G be a finite group. Let U and V be two real G-modules. Let
FE be a Z-acyclic smooth G-manifold such that the tangent G-modules

T,(Ey=2Ua&W and T,(E)=ZVaeW

for some x,y € EY and some real G-module W. Then, for each P € P(G),
the orientation homomorphisms

wye : Ng(P)/P — {£1} and wyr : Ng(P)/P — {£1}

11



of the Ng(P)/P-modules UY and V¥ coincide, wyr = wyr.

PROOF. By Proposition 8, for each P € P(G), the manifold E is stably
complex, and thus E¥ is orientable. As E¥ is connected by Smith theory, the
orientation homomorphism wge : Ng(P)/P — {£1} is well-defined. Clearly,
Wyew)P = WP = Wyew)r, and thus wyr = wyr. O

Lemma 15 Let G be a finite group and let U and V' be two real P-matched
G-modules. Then the real G-module U &'V is P-oriented.

PROOF. If GG is of prime power order, the result is trivial. If G is not of prime
power order, choose two connected stably parallelizable smooth manifolds M
and N without boundary, such that dim M = dim U% and dim N = dim V.
Set F'= M U N, the disjoint union of M and N. As U and V are P-matched,
Theorem 13 asserts that F' is the fixed point set of a smooth action of G
on a Euclidean space E such that T, (F) =2 U@ W and T, (E) =V e W
for ¥ € M and y € N, and some real G-module W. Thus, by Lemma 14,
wyr = wyr for each P € P(G). Hence, wygvyr : Na(P)/P — {£1} is the
trivial homomorphism, which means that U & V' is P-oriented. O

Note that if V' is a real P-oriented G-module, then for any trivial G-submodule
M C V% C V, the orthogonal complement V — M of M in V is P-oriented,
because wyr_y; = wyr for each P € P(G).

Proposition 16 Let G be a finite group. Let F be a smooth manifold and
let v be a real G-vector bundle over F with OU(F,v) = 0. Let N be the real
G-module determined on the fiber of v over a point in F'. Then the G-vector
bundle Tp ® v @ X is P-oriented and OU(F,v @ eX) = 0.

PROOF. For each connected component F; of F' (i = 1,2,...), let M; be
the trivial G-module with dim M, = dim F; and let V; be the real G-module
determined on the fiber of v over a chosen point in F;. As Of(F,v) = 0, the
G-modules M; @ N; and M; & N, are P-matched for all 7 and j. Clearly, the
G-module N is isomorphic to N; for some j. Set M = M;. By Lemma 15,
M; & N; ® M & N is P-oriented, and thus so is M; & N; & N, proving that
TP ®vdep is P-oriented. As the Oliver obstruction remains unchanged under
addition of product G-vector bundles, OU(F,v ® eX) = O¢(F,v) =0. O
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3 Equivariant thickening and surgery

Let G be a finite group. Henceforth, we denote by S(G) the family of all
subgroups of G. Moreover, for any G-space X, we denote by Fis(G; X) the
family of the isotropy subgroups G, at points x € X. We have already used
the notation €Y% for the product G-vector bundle over X whose fiber is a real
G-module V. When we write 6’§(R for some integer £k > 0, we consider the
trivial action of G on kR, where kR = {0} for k=0, and kA R=R&--- &R
(k times) for k > 1.

Following [25], for a finite Oliver group G, we consider the real G-module

V(G) = (RG] - R) — D R[G)7"Y ~R)
plIC|

where each fixed point set R[G]?"(“) has the canonical action of G, and G acts
trivially on the subtracted summands R. According to [25],

Fiso(G; V(G) N {0}) = S(G) \ L(G).
In particular, the G-module V(G) is L-free.

For constructions of smooth actions on disks, we use the following version of
equivariant thickening developed in [38] and [39] (cf. [31, Theorem 3.1}).

Theorem 17 ([31]) Let G be a finite Oliver group. Let M be a compact smooth
G-manifold, let v be a real L-free G-vector bundle over M, let X be a finite
contractible G-CW complezx, and let & be a real G-vector bundle over X such
that the following three conditions hold.

(1) X D M as a G-invariant subcomplex.
(2) &l =T @ I/@Ef\/‘[/(G) @ ek R for some integers k >0 and £ > 1.
(3) Fiso(G; X N M) C S(G) \ L(G).

If the integer 0 is sufficiently large, then there exists a smooth action of G on
a disk D such that the following three conclusions hold.

(1) D D M as a G-invariant submanifold, and vycp = v @ V().

(2) Fiso(G; DN\ M) C S(G)\ L(G), and thus D = MH for each H € L(G).

(8) D D X as a G-invariant subcomplex, and there exists a G-deformation
retraction f: D — X such that Tp @ eh® = f*(€).

Equivariant surgery is a poweful tool for constructing smooth actions of G on
closed smooth manifolds, in particular, on spheres for finite groups G (see, e.g.,
[7)-[11], [15], [16], [42]-[45]). Petrie’s equivariant surgery program (announced
in [42] and [43]) has been elaborated in the articles [4], [5], [24]-[29]. As a result,
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so called “deleting—inserting theorems” were obtained in [24, Theorem 2.2] for
any finite nonsolvable group G, and in [28, Theorems 0.1 and 4.1] for any
finite Oliver group G. These theorems allow us to modify a suitable smooth
action of G' on a sphere S (resp., disk D) with fixed point set F' so that for
the resulting new action of G on S (resp., D), the fixed point set is obtained
from F' by deleting or inserting a number of connected components of F.

In Theorem 36, we discuss a generalization of [28, Theorem 0.1] which yields
the result described in Theorem 18. First, for a finite group G, we denote by
PC(G) the family of pseudocyclic subgroups of G (i.e., H € PC(G) if and only
if H/P is cyclic for some P <4 H with P € P(G)). Clearly, P(G) C PC(G).
By [25], PC(G) N L(G) = @ for any finite Oliver group G.

Let M be a smooth G-manifold, let F' be a union of connected components of
the fixed point set M, and let F’ be the complement of F in M%. Denote by

L(M,F,F)

the union of the connected components of M*# intersecting both F' and F”,
where H ranges over all large subgroups of G. If vpcyr or vpcps is L-free,
then L(M, F,F') = @ by the Equivariant Tubular Neighborhood Theorem
(see, e.g., [6, Theorem 2.2, p. 306] or [21, Theorem 4.8, p. 178]).

For any point # € MY, the tangent space T,(M) is considered as a real
G-module by taking the derivatives (at the point x) of the transformations
g: M — M, z+— gz for all g € G. We refer to this G-module T, (M) as to the
tangent G-module at x.

Theorem 18 (cf. Theorem 36) Let G be a finite Oliver group acting smoothly
on a homotopy sphere . Let F be a union of connected components of X¢.
Assume that the following five conditions hold.

(1) dim X¥ > 2dim X¥ for all subgroups P < H < G with P € P(G).
(2) dim XF > 5 and dim X=H > 2 for any P € P(G) and H € PC(G).
(3) XF is simply connected for any P € P(G).

(4) The tangent G-module T,(X) is P-oriented for some x € F.

(5) L(X,F,F') = @ where F' is the complement of F in X¢.

Then there exists a smooth action of G on a sphere S of dimensionn = dim X,
such that S¢ = F and vpcs = vpcs. Moreover, ST is simply connected and

dim ST = dim X7 for each P € P(G).

In order to construct a smooth action of G on a sphere S with S¢ = F
for a given closed smooth manifold F', we proceed as follows. First, by using
Theorem 17, we construct a smooth action of G on a disk D with D% = F.
By doubling of D, we obtain a smooth action of G on S = D Ugp D with
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S¢ = F U F" where F' = F. Now, we would like to delete F’ from S by
using Theorem 18. To do it, we need to arrange the action of G on D so that
doubling leads to an action of G on S satisfying the conditions (1)—(5) in
Theorem 18. In particular, the condition (5) is ensured as follows. By using
Theorems 19 and 20, we arrange the action of G on D with DY = F so that
vrpep 18 L-free. Then, for the action of G on S obtained by doubling of D,
vrcs and vpicg are both L-free, which shows that £L(S, F, F') = @.

4 Equivariant bundle extension and subtraction

Following Oliver [36], for a finite group G not of prime power order, consider
the classifying space BgO of real G-vector bundles as the infinite mapping
cylinder of maps

BgO(0) — BgO(r) — BgO(2r) — BgO(3r) — ...

where r = |G| and for n > 0, Bg(nr) is the classifying space of nr-dimensional
real G-vector bundles and the map BzO(nr) — BgO((n+1)r) is stabilization
by the real regular G-module R[G] (cf. [12, Theorem 1.8.12]). Oliver [36] defines
a G-space B0 and a G-map Lg : BO — BEO, and proves that Lg is a
(nonequivariant) homotopy equivalence [36, Definition 1.1 and Lemma 2.1]
and shows how to construct G-maps f from a finite G-CW complex X into
B0 and how to lift f to B;O [36, Propositions 1.3 and 2.3]. Then he shows
how to construct G-vector bundles by combining a given G-vector bundle and
a family of P-vector bundles (where P € P(G)) satisfying some compatibility
(see [36, Theorem 2.4] for the details of Oliver’s procedure).

In [30], we have described an equivariant wedge sum construction to obtain
some refinements of Oliver’s procedure. In particular, a corresponding G-CW
complex X is constructed so that the fixed point set X* is simply connected
for each P € P(G). The statements of [30, Theorems 1.3, 1.4, 5.1, 5.2] depend

on a set 1" of primes p ‘|G| We restate the conclusion of [30, Theorem 5.2

in the special case where T is the set of all primes p “G |. First, we introduce
the notion of Lg-system. So, a quintuple X = (X, Y, ¢x, fx, hx) is called an
Lg-system if the following five conditions hold.

) X is a finite G-CW complex with base point zy € X©.

) Y is a finite G-CW complex with base point 3y € Y.

) ¢ox : X — Y is a G-map with ¢(xy) = yo.

) fx : X — BgO is a G-map.

) hx : X x I — B}O is a G-homotopy from Lg o fx to cx = ¢y o px,
where ¢y : Y — BEO is the constant map into the point L (fx(zo)).

4
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(
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The notion of Lg-system was used for the first time in [30] under the name of
(BcO, B§O)-system. For an Lg-system X = (X,Y, px, fx, hx), one obtains
the following G-homotopically commutative diagram

Xf—X>Bgo

x| |ze

Y —2— B:O.

Following [31], we say that an Lg-system A = (A, B, @a, fa,ha) extends to
an Lg-system X = (X,Y, ¢x, fx,hx) it X D A and Y D B as G-invariant
subcomplexes, ¢x|a = ©a, fx|la = fa, and hx|ax; = ha. Now, we are ready
to restate [30, Theorem 5.2] in the case T is the set of all primes p ’|G|

Theorem 19 ([30]). Let G be a finite Oliver group. Let A be a finite G-CW
complex such that fized point set F' = A% is nonempty and the fized point set
AP s simply connected for each P € P(G) with P # {e}. Then any Lg-system
A= (A A ida, fa,ha) extends to an Lg-system X = (X,Y, ¢x, fx,hx) such
that X is contractible, and such that X¢ = F and X is simply connected for
each P € P(G), and for each H € S(G) ~\PC(G), X" \F is a discrete space
and fx|xu_p is the constant map into the point f(xq) € BgO.

By using Theorem 19, we perform extensions of G-vector bundles. Therefore,

the resulting G-vector bundle over X contains €% as a direct summand, where

Fiso(G; V. {0}) = S(G). To ensure that Fiso(G; V . {0}) C S(G) \ L(G), we
apply the following version of the equivariant bundle subtraction procedure
described in [31, Theorem 2.2] (see also [31, Proposition 2.3]).

Theorem 20 ([31]) Let G be a finite group. Let (X, A) be a pair consisting of
finite G-C'W complexes X and A such that X D A as a G-invariant subcomplex
and Fiso(G; X N A) C S(G) \ L(G). Let V be a real G-module. Let & and n
be G-vector bundles over X and A, respectively, such that

Ela=nd EX &) EQV(G) for some integer £ > 1.

If the integer ( is sufficiently large, then & contains a G-subbundle 6 = €% with
G-orthogonal complement £ — 6 such that (£ —0)|4 = n @ gi‘V(G),

5 Constructions of group actions on disks

The following theorem goes back to [31, Theorem 0.3 and Section 3], and its
proof makes use of the methods in [36] (cf. Theorems 11 and 12 in this article)
and the procedure in [31, Theorem 2.2] (cf. Theorem 20 in this article).
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Theorem 21 Let G be a finite Oliver group. Let F' be a compact smooth
manifold and let v be a real L-free G-vector bundle over F with O(F,v) = 0.
Then, for any sufficiently large integer €, there exists a smooth action of G on

a disk D such that DY = F and vpep v ® 6?/(@.

Now, we wish to obtain stronger versions of Theorem 21 under the additional
conditions that the manifold F' is simply connected or F' is both connected and
stably parallelizable. In these cases, we prove that the action of G on D with
D% = F can be constructed in such a way that D? is simply connected for
each P € P(G). Note that in the case F' is stably parallelizable, O¢(F,v) = 0
for v = ¢} and any real G-module V.

Theorem 22 Let G be a finite Oliver group. Let F be a compact connected
smooth manifold. Assume that F is simply connected. Let v be a real L-free
G-vector bundle over F with OU(F,v) = 0. Then, for any sufficiently large
integer £, there exists a smooth action of G on a disk D such that DY = F

and DT is simply connected for each P € P(GQ), and vpcp = v @ 66FV(G).

PROOF. Let f : FF — BgO be the classifying map of the Whitney sum
7 @ v. Choose a point zp € F' and set by = Lg(f(x0)). As OL(F,v) = 0,
the composition Lg o f : F' — B;O is G-homotopic to the constant map
into the point by via a G-homotopy h : F' x I — B§O (cf. [36]). As F' is
simply connected, Theorem 19 asserts that the Lg-system F = (F, Fidp, f,h)
extends to an Lg-system X = (X, Y, vx, fx, hx) such that X is contractible,
XY = F, X? is simply connected for each P € P(G), X \ F is a discrete
space for each H € N(G) = S(G) \ PC(G), and the G-map fx : X — BgO
when restricted on the discrete subspace B of X,

B= |J X"\F
HeN(G)

is the constant map of B into the point f(z9) € BgO. Let V be the real
G-module determined on the fiber of 7 ® v over the point zy. Set A = F'UB.
Let n be the G-vector bundle over A defined by setting n|r = 77 @ v and
n|p = k. Clearly, the G-map fx yields a real G-vector bundle £ over X such

that £|4 = n @ él}R[G} for an integer k£ > 0. Thus, for any integer ¢ > 0,

kR[G]

CVGN V(G
(f@gx()ﬂA:??@gA 69’EA()-

As Fio(G; X N A) C PC(G) C S(G) \ L(G), we may apply Theorem 20 to
conclude that if ¢ is sufficiently large, £ & 5§(V(G) contains a G-subbundle 6
such that 6 = él;R[G} and (£ @ €§(V(G) —)a=nd gi,V(G). Therefore,

o -0l =mroveod
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and
oD —0)pzef@ey .

Let C' be a disk with dimC' = dim F'. Take £ = B x (' with the diagonal
action of GG, where G acts trivially on C. Then FE is a smooth G-manifold such
that £ D B as a strong G-deformation retract (each point b € B is identified
with (b, cg) € B x C, where ¢ is the origin of C'). Consider the union X Ug £
of X and FE along B and take the obvious strong G-deformation retraction
r: XUg F — X. Let M be the disjoint union of F' and E. By construction,
M is a smooth G-manifold with M¢ = F and X Ug E is a finite contractible
G-CW complex containing M as a G-invariant subcomplex such that

Fioo(G: (X Ug B) ~ M) C PC(G) C S(G)~ L(G).

In particular, (X Ug E)C = F. Set € = r*(¢ ® 59 — 6). Then

LV(G)

apgTF@I/@é‘F and ElEgTE@ﬁg_V

“ el @)

Let 7 be the G-vector bundle over M with 7|y = v and 7|z = €%~ V", Then
Sy X TyOTO 5?}/(@. As the conditions (1)—(3) in Theorem 17 all hold
for M, 7, X Up E, and &, we obtain the corresponding conclusions (1)-(3)
in Theorem 17, provided the integer ¢ is sufficiently large. Therefore, there
exists a smooth action of G on a disk D such that D D M as a G-invariant
submanifold with vy;cp 7P aﬁ}/(G), and the following holds:

Fiso(G; D\ M) C PC(G) C S(G) \ L(G),
DY = M® = F, vpcp 2 v @ 6%‘/(@, D D X as a G-invariant subcomplex,
and there exists a strong G-deformation retraction f : D — X such that
f*(€) & 7p. In particular, D¥ and X* have the same homotopy type for each
H € 8(G). As X7 is simply connected for each P € P(G), sois DF. O

Theorem 23 Let G be a finite Oliver group. Let F be a compact connected
smooth manifold. Assume also that F is stably parallelizable. Let V' be a real
G-module with dim V# = dim F' for each H € L(G). Then, for any sufficiently
large integer {, there exists a smooth action of G on a disk D such that D¢ = F
and DY is simply connected for each P € P(G), and vpcp = Eg_vc D 6?;V(G)
where V — VY is the G-orthogonal complement of V& in V.

PROOF. As ng =1 and F is compact, it follows from [31, Lemma 3.6] that
there exists a finite contractible G-CW complex X such that X¢ = F, X* is
simply connected for each P € P(G), and X \ F is a discrete space for each
H e N(G) = §(G) ~CP(G). Define B and E, and consider X Ug E as in the
proof of Theorem 22. Set d = dim F' = dim E. Let M = F U E, the disjoint
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union of F and E. As F' and FE are stably parallelizable, so is M. Therefore,

T DR, eg\jﬂm. Consider the G-vector bundles

d+1DR . VeLV(G) v
§=¢exipe PExupe ~ and v=c¢y.

As XUpE D M and the family Fiso(G; (XU E)N\M) C S(G)\L(G), and the
bundle &|y = Ty v DB 65\/( '@ e, the conditions (1)—(3) in Theorem 17 all

hold for M, v, X Ug E, and &. Thus the result follows by applying Theorem 17
(cf. the arguments in the proof of Theorem 22). O

6 Constructions of group actions on spheres

Let G be a finite group. For two subgroups P and H of G, the pair (P, H) is
called proper if P € P(G) and P is a proper subgroup of H. A proper pair
(P, H) of subgroups of G is called oddif |H : P| = |H(O?*(GQ)) : P(O*(G))| =2
and P(OP(G)) = G for all odd primes p. A proper pair (P, H) of subgroups of
G is called even if (P, H) is not odd.

Following [32], for a real G-module V' and a proper pair (P, H) of subgroups
of G, we set dy(P,H) = dim V¥ — 2dim V. By [25], the following lemma
holds for the real G-module V(G) = (R[G] — R) — @, ¢|(R[G]?"@) —R).

Lemma 24 ([25]) For any proper pair (P, H) of subgroups of G,

(1) dye)(P,H) =0 when (P, H) is odd, and
(2) dyc)(P,H) >0 when (P, H) is even.

A real G-module V is called a gap G-module if dy (P, H) > 0 for each proper
pair (P, H) of subgroups of G. Thus, a finite group G is a gap group if and
only if P(G) N L(G) = @ and G has a real L-free gap G-module.

Let G be a finite Oliver group. Then P(G) N L(G) = @ and V(G) is L-free
(cf. [25]). By [32], if OP(G) # G and O%(G) # G for two distinct odd primes p
and ¢, or O%(G) = G, then each proper pair (P, H) of subgroups of G is even.
Hence, V(G) is a gap G-module by Lemma 24, and thus G is a gap group.

Lemma 25 Let G be a finite Oliver gap group and let V' be a real L-free gap
G-module. Then 2V @ 2V (G) is a real G-oriented L-free gap G-module.

PROOF. Clearly, 2V &2V (G) is both G-oriented and L-free. For each proper
pair (P, H) of subgroups of G, dy(P,H) > 0 as V is a gap G-module, and

19



dvc)(P,H) > 0 by Lemma 24. Therefore
dQVEBQV(G’) (P, H) = de(P, H) + 2dV(G) (P, H) > 0,
proving that 2V @& 2V (G) is a gap G-module. O

Proposition 26 Let G be a finite Oliver group with a real P-oriented L-free
gap G-module V' which contains V(G) as a direct summand. Let F be a closed
smooth manifold whose connected components are all simply connected. Let v
be a real P-oriented L-free G-vector bundle over F with OU(F,v) = 0. Then,
for any sufficiently large integer £, there exists a smooth P-typical action of G
on a sphere S such that S = F and vpcs v @ e .

PROOF. As Fio(G;V(G) N {0}) = S(G) ~ L(G) and PC(G) N L(G) = &
by [25], V(G) is L-free and dim(¢ V(G))=" > ¢ for each H € S(G) \ L(G)
and each integer ¢ > 1. By assumption, V is P-oriented, L-free, gap, and V'
contains V(G) as a direct summand.

Let Fi,...,F}, be the connected components of F'. For ¢ = 1,...,k and an
integer £ > 1, set v; = v|p, ® % where W = V — V(G), the G-orthogonal
complement of V(G) in V. Note that v; is L-free because so are v|p and W.
As F; is simply connected and O¢(F;, v;) = 0, it follows from Theorem 22 that
if the integer ¢ is sufficiently large, there exists a smooth action of G on a disk
D; with dim D; = dim(7r ®v) +¢ dim V, such that DS = F; and D} is simply
connected for each P € P(G), and

tV(G) ~

L(WaV (G
VFiCDigVi@gFi =V (wevt ))g

Fi @gFi v

LV
Fi @gFi :

As v|p, and V are both P-oriented, the G-module T, (D;) is P-oriented for
any x; € F;. Let V; be the G-module determined on the fiber of 7 & v over
a chosen point in F;. As V is a gap G-module, dy (P, H) > 0 for each proper
pair (P, H) of subgroups of G. The integer ¢ can be chosen so that for each
proper pair (P, H) of subgroups of G, ¢ dy (P, H) > —dy,(P, H) and thus

dvi@gv(P,H) :dVZ<P,H)+€dv(P,H) >dVZ(P,H)—dVZ<P,H) = 0.

Therefore, dim DI’ = dim(V;" & (V7?) > 2dim(V @ ¢ VH) = 2dim D, Also,
due to the properties of V(G), the integer ¢ can be chosen so that for each
P € P(G) and H € PC(G), dim Df > 5 and dim D;# > 2.

Let S; be the equivariant double of D;. Then S& = F;UF], where F! = Fj;, and
Vics, = vpres, Z vlp @ e . As v]p, and V are both L-free, so is v|p, @ ef,
and thus vrcs, and vpicg, are both L-free. As a result, the following five
conditions hold for the resulting action of G on ;.

(1) dim S > 2dim S} for all subgroups P < H < G with P € P(G).
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(2) dim SP > 5 and dim S;H > 2 for any P € P(G) and H € PC(G).
(3) SF is simply connected for any P € P(G).

(4) The tangent G- module T,,(S;) is P-oriented for any x; € F;.

(5) L(Si, Fi, F]) =

The conditions (1)—(5) allow us to delete F} from S; by applying Theorem 18,
i.e., we obtain a smooth action of G on S; such that S¢ = F; and SF is
simply connected for each P € P(G), and vp,cs, = v|p, @ €} . In particular,
T.,(S;) = dR® N; & (V where G acts trivially on d;R for d; = dim F;, and
N; is the real G-module determined on the fiber of v over a point x; € Fj.

For each i = 1,...,k, take a disk B; with dim B; = d;. Let vg be the real
G-vector bundle over the disjoint union B = By U --- U B, which restricts
to epy' Y over B;. As OL(F,v) = 0, it follows that O¢(B,vg) = 0. Hence, if
the mteger ¢ is sufficiently large, then by Theorem 21, there exists a smooth
action of GG on a disk Dy with dim Dy = dim D;, such that

DS =B U---UB; and VBiCpO—&TBEBeV for 1 =1,... k.

The equivariant double of Dy is a sphere Sy (with dim Sy = dim S;) upon
which G acts smoothly in such a way that

S(?:All_l---l_lAk and I/Aicgo—é“A@eV for i=1,...,k,

where A; is the sphere obtained by doubling of B;. For each ¢+ = 1,... k,
choose a point a; € A; C Sy. Note that T,,,(Sy) = ;R & N; & LV = T,.(5;).
Therefore, we can take the equivariant connected sum S = So#S1# ... #S;
formed by connecting sufficiently small G-invariant spheres around the points
a; € A; C Sp and z; € F; C S;. As a result, we obtain a smooth action of G
on the sphere S such that S = “UF,=Fand vpcs 2 v @ et Note
that by our construction, ST # F for each P € P(G), and thus the action of
G on S is P-typical. O

Theorem 27 Let G be a finite Oliver gap group. Let F' be a closed smooth
manifold whose connected components are all simply connected. Let v be a real
L-free G-vector bundle over F' with OU(F,v) = 0. Then there exists a smooth
P-typical action of G on a sphere S such that S¢ = F and vpcs = v @ ¥
for some real L-free G-module W. If Tp @ v is P-oriented, W can be chosen
to be the realification of a complex G-module.

PROOF. As G is a gap group, Lemma 25 asserts that G has a real P-oriented
L-free gap G-module V' which contains V' (G) as a direct summand, and V' can
be chosen to be the realification of a complex G-module.

Let N be the real G-module determined on the fiber of v over a point in F.
By Proposition 16, the G-vector bundle 7 @& v @ X is P-oriented. Clearly,
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v @ el is L-free and OU(F,v & eX) = 0 because O(F,v) = 0 by assumption.
Set W = N@/lV for an integer £ > 1. If the integer ¢ is sufficiently large, then
by Proposition 26, there exists a smooth P-typical action of G on a sphere S
such that

S¢=F and vpcsZvder @l 2val.

If 7@ v is P-oriented, then by Proposition 26, there exists a smooth P-typical
action of G on a sphere S such that S = F and vpcg X v e} for W =LV,
provided the integer ¢ is sufficiently large. As V is the realification of a complex
G-module, sois W. O

Theorem 28 Let G be a finite Oliver gap group. Let F' be a closed smooth
manifold whose connected components Fi, ..., F} are all stably parallelizable.
Let Vi, ..., Vi be real G-modules such that dim V1 = dim F; for all H € L(G)
and 1 <1 <k, and such that V; and V; are P-matched for all 1 < 4,5 < k.
Then there exists a smooth P-typical action of G on a sphere S such that
S¢ =F and T, (S)=2V,eW foralx; € F;, 1 <i<k, and some real L-free
G-module W. If each V; is P-oriented, W can be chosen to be the realification
of a complex G-module.

PROOF. Again, Lemma 25 asserts that G' has a real P-oriented L-free gap
G-module V' which contains V(G) as a direct summand, and V' can be chosen
to be the realification of a complex G-module.

For each i = 1,...,k, set N; = V; — V,%, the G-orthogonal complements of
V& in V;. Let v be the G-vector bundle over F' which restricts to 611:[ for
i =1,...,k. As V; and V; are P-matched for all 1 < 7,5 < k, and each F;
is stably parallelizable, thus O¢(F,v) = 0. Moreover, by Proposition 16, the
real L-free G-vector bundle 7 & v @ e} is P-oriented, where N is the real
G-module determined on the fiber of v over a chosen point in F'. As in the

proof of Theorem 27, set W = N & ¢V for an integer ¢ > 1.

For each i =1, ..., k, F; is stably parallelizable, and thus Theorem 23 asserts
that there ex1sts a smooth action of G on a disk D; such that DG F; and
DF is simply connected for each P € P(G), and vp,cp, = el 7 @ ey, provided
the integer ¢ is sufficiently large. Clearly, T,,(D;) =2 V; ® W for z; € F;.

k3

To complete the proof, we proceed as in the proof of Proposition 26. We take
the equivariant double S; of D;, so that S¢ = F; U F for F] = F;. Then, using
Theorem 18, we delete F/ from the sphere S; to obtain a smooth action of G
on S; such that S¢ = F; and T,,(S;) = V; @ W for z; € F;. Now, as in the
proof of Proposition 26, we use Theorem 21 to obtain a smooth action of G
on a disk Dg such that

DOG:Bll_I---I_IBk and uBiCpO_eB@W for 1=1,...,k,
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where each B; is a disk with dim B; = dim F;. Clearly, T,(Dy) = V; & W
for all b; € B;. Therefore, as in the proof of Proposition 26, we can take the
equivarinat double Sy of Dy, and then we can form the equivariant connected
sum S = So#S1# ... #S5} to obtain a smooth P-typical action of G on S such
that S = FyU---UF, =F and T,,(S) = V; @ W for all z; € F;.

If each V; is P-oriented, then 77 @ v is also P-oriented, and thus instead of
taking W = N@V, we can set W = £V to ensure that W is the realification
of a complex G-module. O

Corollary 29 Let G be a finite Oliver gap group. Let F be a closed smooth
manifold. Assume that each connected component of F is simply connected
or stably parallelizable. Let v be a real L-free G-vector bundle over F with
OU(F,v) = 0. Then F is the fized point set of a smooth P-typical action of
G on a sphere S, and vpcg can be chosen to be the realification of a complex
L-free G-vector bundle, provided v is complex.

PROOF. Let Fi,...,F) be the connected components of F'. Let V;,...,V,
be the real G-modules determined on the fibers of 77 & v over some points
x; € Fyfori=1,... k. As v is L-free, dim V¥ = dim F; for all H € L(G).
Set N; = V; — V¢ the G-orthogonal complement of V,¢ in V;.

Let 7 be the real G-vector bundle over F' with 7|r, = v|r, when F; is simply
connected, and 7|p, = 5% when Fj is not simply connected. Then 7 is L-free,
O((F,7) = 0, and the G-modules V; and V; are P-matched for 1 <i,j < k.
Now, by applying the arguments used to prove Theorems 27 and 28, we obtain
smooth actions of G on spheres Sy, ..., Sy such that S¢ = F; fori =1,... k,
and a smooth action of G on a sphere Sy, which allow us to form the equivariant
connected sum S = Sp#S1# ... #Sk, and thus to obtain a smooth action of
G on the sphere S such that S = F and vpcs £ U@ el.

Note that if v is the realification of a complex G-vector bundle, so is 7, and
thus 77 @ 7 is P-oriented. Hence, as in the proofs of Theorems 27 and 28, we
can set W = £V for the realification V' of a complex G-module, proving that
vrcs 2T @ eW is the realification of a complex G-vector bundle. O

7 Special pairs of group modules

Let G be a finite group. By the definition given in the introduction, two real
(resp., complex) G-modules U and V' are P-matched if U and V' are isomorphic
as real (resp., complex) P-modules for each P € P(G).
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In this article, a pair (U, V) of real (resp., complex) G-modules U and V is
called special if U and V are P-matched, the nontrivial summands U — U¢
and V — V% are L-free, and dim V& — dim U® = 1, where the fixed point sets
U% and V¢ are considered as real (resp., complex) vector spaces.

Lemma 30 Let G be a finite group with a special pair of real (resp., complez)
G-modules. Let F' be a compact (resp., compact and stably complex) smooth
manifold. Then there exists a real P-oriented (resp., complex) L-free G-vector
bundle v over F with O(F,v) = 0.

PROOF. Let (U,V) be a special pair of real (resp., complex) G-modules
U and V. By subtracting from U and V the trivial summands of dimension
dim U%, we may assume that dim U = 0 and dim V¢ = 1. Now, take a real
(resp., complex) stable tangent bundle 73' and a real (resp., complex) stable
normal bundle 3. Then, consider the following real (resp., complex) G-vector
bundles over F' (cf. [36, the proof of Lemma 3.2 (a)]):

n=(tec)ered) and v=(rFech V) e o).

Clearly, n = 73 @ v as real (resp., complex) G-vector bundles. As U and V are
P-matched, OU(F,v) = O¢(n) = 0 and thus we can apply Proposition 16 to
ensure that v is P-oriented. In the case U and V' are complex and the stable
bundles 7§ and vt are complex, v is a complex G-vector bundle by definition.
Finally, note that v is L-free because so are U and V — V¢, O

Example 31 Let G be a finite nontrivial perfect group. Then OP(G) = G for
each prime p, and thus £(G) = {G}. As a result, for any G-module V', the
nontrivial summand V — V¢ is L-free. Assume that G has an element g of
order pq for two distinct primes p and ¢. Set n = pq and denote by (,, be the
primitive n-th root of unity. Let C'= (g), the cyclic subgroup of G generated
by g. Set U = U, & Uy and V = V; & Va, where U; and V; (i = 1,2) are the
irreducible 1-dimensional complex C-modules with characters

XU1(g) + XUz(g) = Cﬁ + C;IL
X (9) + xw(g) =1+ ¢7H.

xv(9)
xv(9)

Then the complex C-modules U and V are P-matched. Moreover, dim U = 0
and dim V¢ = 1. Hence, (U, V) is a special pair of complex C-modules and the
induced pair (Ind&(U), Ind&(V)) is a special pair of complex G-modules. If G
has a pg-dihedral subquotient, it follows from [36, the proof of Lemma 3.1 (b)]
that there are two real P-matched G-modules U and V with dim U% = 0 and
dim V¢ = 1, proving that (U, V) is a special pair of real G-modules. O

For a finite group G with a quotient G/H isomorphic to Zyg, or Zyg, X Ly for
three distinct primes p, ¢, and r, we give examples of special pairs (U, V) of
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complex G-modules U and V with dimU =dimV =3 ordimU = dimV = 2.
In the case G/H = Z,,-, the example goes back to [31, Example 1.5].

Example 32 Let n = pqr for three distinct primes p, ¢, and r. Let (,, be the
primitive n-th root of unity. Let G = Z, x Z,, = (a,b|a" =1, 0" = 1). Set
U=U @ Uyand V =V; @ Va, where U; and V; (i = 1,2) are the irreducible
1-dimensional complex G-modules with characters

¢, +¢P when g=a

xv(9) = xuvi(9) + xun(9) = {1 L ¢ when g=b

14 (P when g=a

xv(9) = xvi(9) + x1(9) = {ch when g=b

Now, let G =7Z, =(ala"=1).Set U=U,6Us®Us and V =V, &V, & V3,
where (as in [31]) U; and V; (i = 1,2,3) are the irreducible 1-dimensional
complex G-modules with characters

Xt (@) + xo,(a) + xus(a) = ¢ + ¢+ ¢
xv(a) = xvi(a) + xv(a) + xv3(a) = 1+ G + G

=

S

=
I

and the integers x,y, and z are chosen so that the following holds:

=0 (modp), zr=1 (modg), z=1 (modr)
y=1 (modp), y=0 (modg), y=1 (modr)
z=1 (modp), z=1 (modgq), z=0 (modr).

In both cases, a straightforward verification shows that the complex G-modules
U and V are P-matched and for each H € L(G), dim U = 0 and dim V¥ = 1.
Therefore, (U, V) is a special pair of complex G-modules. Let G be a finite
group with a quotient G/H isomorphic to Z, or Z, X Z,. Then, by making
use of the epimorphism G — G/H, the pair (U, V) of G/H-modules U and V/
constructed above becomes a special pair of complex G-modules. O

Theorem 33 Let G be a finite perfect group with a pg-element, or a finite
Oliver group with a pqr-cyclic quotient. Let ' be a closed smooth manifold.
Assume that F' is stably complex and each connected component of F' is simply
connected or stably parallelizable. Then F' is the fized point set of a smooth
P-typical action of G on some sphere S. Moreover, vpcgs can be chosen to be
the realification of a complex L-free G-vector bundle.

PROOF. If G is a finite perfect group with a pg-element, G has a special
pair of complex G-modules by Example 31. In turn, if G is a finite Oliver
group with a pgr-cyclic quotient, G has a special pair of complex G-modules

25



by Example 32. Therefore, in both cases, Lemma 30 asserts that there exists
a complex L-free G-vector bundle v over F' with O¢(F,v) = 0.

If G is perfect, O*(G) = G. If G has a pgr-cyclic quotient, OP(G) # G,
01G) # G, and O"(G) # G, where say p and ¢ are odd primes. As a result,
in both cases, G is a gap group by [32]. As O/(F,v) = 0 and v is complex,
the result follows by Corollary 29. O

For any integer m > 0, let Qg (resp. Qf}) be the group of all cobordism classes
of oriented (resp. stably complex) closed smooth manifolds of dimension m.

Theorem 34 Let G be a finite perfect group with a pg-element, or let G be
a finite Oliwer group with a pgr-cyclic quotient. Then, for any integer m > 0,
each element in QT /tor is represented by a stably complex smooth manifold
F which is the fixed point set of a smooth action of G on some sphere.

PROOF. By [48, p. 130], each class of Q¥, is represented by an oriented
closed smooth manifold whose connected components are all simply connected.
By [48, p. 180], the composition Qff — Q&, — Q&,/tor of the forgetful map
and the quotient map is an epimorphism. Thus, in Q% /tor, each element is
represented by a stably complex closed smooth manifold F' whose connected
components are all simply connected. According to Theorem 33, F is the fixed
point set of a smooth action of G on some sphere. O

8 Proofs of Theorems 1-6 stated in the introduction

Proof of Theorem 1. If a finite group G acts smoothly on a sphere S, then
the fixed point set F' = S is a closed smooth manifold. Moreover, if the action
of G on S is P-typical with G not of prime power order, then by Lemma 7,
OU(F,v) = 0 for v = vpcg. So, in Theorem 1, (1) implies (2). The converse
implication, (2) implies (1), follows from Theorem 27. O

Proof of Theorem 2. Theorem 2 follows immediately from Theorem 1. O

Proof of Theorem 3. If a finite group G (not of prime power order) acts
smoothly on a sphere S so that the G-fixed point set S¢ contains at least
two points and the action of G on S is P-typical, then by Smith theory, the
P-fixed point set ST is connected for each P € P(G). In particular, for any
two points x,y € S¢ C S”, the P-modules Res%(7,(S)) and Res%(T,(S)) are
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isomorphic. Hence, in Theorem 3, (1) implies (2). The converse implication,
(2) implies (1), follows from Theorem 28. O

Proof of Theorem 4. Let GG be a finite nontrivial perfect group. Let F' be
a closed smooth manifold. If F' is the fixed point set of a smooth P-typical
action of G on a sphere S, then by Lemma 7, Ol(F,v) = 0 for v = vpcs.
Thus, by Theorem 12, F' is the fixed point set of a smooth action of G on
a disk D, proving that in Theorem 4, (1) implies (2). In order to prove that
(2) implies (1), assume that F' is the fixed point set of a smooth action of
G on a disk D. According to [36], OU(F,v) = 0 for v = vpcp (cf. the proof
of Lemma 7). As OP(G) = G for each prime p, L(G) = {G} and thus v is
L-free. So, if each connected component of F'is simply connected or stably
parallelizable, Corollary 29 asserts that there exists a smooth P-typical action
of G on a sphere S such that S¢ = F, proving that (2) implies (1). Clearly,
(2) and (3) are equivalent by Theorem 12. O

Proof of Theorem 5. In Theorem 5, (1) implies (3) by Proposition 10,
and (3) implies (1) by Theorem 33. Moreover, (2) and (3) are equivalent by
Theorem 12. O

Proof of Theorem 6. Let GG be a finite perfect group with a pg-element,
or let G be a finite Oliver group with a pgr-cyclic quotient. For an oriented
closed smooth manifold M of dimension 2k (resp., 4k) with k& > 0, consider
the element [M] in Q% /tor (resp., Q& /tor) determined by M. According to
Theorem 34, [M] is represented by a stably complex (and thus oriented) closed
smooth manifold F' of dimension 2k (resp., 4k) which is the fixed point set of
a smooth action of G on some sphere. As [M] = [F], M and F have the same
Chern (resp., Pontrjagin) numbers. O

Appendix: Generalization of Deleting—Inserting Theorem
Added by Masaharu Morimoto

For a finite group G, in accordance with G-module P-orientability, a smooth
G-manifold X is called P-oriented if for each P € P(G), each connected
component of X* is oriented and the transformation

g: XP = X9 4 g

is orientation preserving for any g € G, or equivalently, the transformation
g: XP — XP x+ gx is orientation preserving for any g € Ng(P).
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In [28], for a finite Oliver group G, we obtained a deleting-inserting theorem
about the fixed point sets of smooth actions of G' on spheres. We considered
a smooth action of G' on a homotopy sphere Y under the condition that at
some yo € Y9, the tangent G-module T, (Y) is G-oriented. In this appendix,
we prove that a similar deleting—inserting theorem holds under the weaker
condition that T;,(Y) is P-oriented. We recall that for a subgroup H of G,
Y= consisits of all points y € Y with isotropy subgroup G,, = H. In general,
Y= may have connected components of different dimensions, and in such a
case, we define dim Y= as the maximum of the dimensions of all connected
components of Y= Similarly, dim Y# is the maximum of the dimensions of
all connected components of Y#. The deleting-inserting theorem holds under
a weak gap condition imposed on Y that reads as follows.

Following [28], we say that Y satisfies the weak gap condition (WGC) if
dy(P,H) = dimY” — 2dimY* > 0
for all subgroups P < H < G with P € P(G), and the following claims hold.

(1) If dy(P,H) =0, then |H : P| =2 and Y is connected, oriented, and the
transformation ¢ : Y# — Y is orientation preserving for any element
g € Ng(H), and dimY# > dimY* + 1 whenever H < K <G,

(2) If dy(P,H) = dy(P, H') = 0, then the subgroup (H, H') of G generated
by H and H' is not a large subgroup of G (i.e., (H, H') & L(G)).

Remark 35 Note that Y satisfies the weak gap condition (WGC) provided
Y satisfies the gap condition (GC) asserting that

dy(P,H) =dimY” —2dimY* >0
for all subgroups P < H < G with P € P(G).

Now, we wish to present the announced generalization of [28, Theorem 0.1].
In Theorem 18, under the gap condition (GC) imposed on Y, we restate the
deleting part of this deleting—inserting theorem.

Theorem 36 (cf. [28, Theorem 0.1]) Let G be a finite Oliver group. LetY be
a closed smooth G-manifold whose underlying manifold is a homotopy sphere
of dimensionn > 5. Let F, ..., F; be the connected components of Y& and let
ni,...,n be integers > 0. Suppose the following five conditions (1)—(5):

(1) Y satisfies the weak gap condition (WGC).

(2) dimY? >5 and dim Y= > 2 for any P € P(G) and H € PC(G).

(3) YT is simply connected for any P € P(G).

(4) The tangent G-module T,,(Y') is P-oriented for some yo € Y°.

(5) n; = n; when some connected component of Y contains both F; and F;
for some H € L(G), where 1 <1i,j <t.
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Then there exists a smooth action of G on the sphere S = S™ such that S€
has the form of the disjoint union of copies of F;’s:

t n;
S¢ = H H Fij and vr, ;cs = vrcy as G-vector bundles,
i=1j=1

where F; j = F; forj=1,...,n; and i =1,...,t. In particular, n; = 0 means
that F; is deleted from Y&, and n; = 1 means that F; is preserved, while n; > 1
means that (n; — 1) of new copies of F; are inserted.

PROOF. The proof of Theorem 36 is essentially the same as the proof of
[28, Theorem 0.1]. Thus, we describe only the parts where formal differences
in the proofs arise. In [28, Theorem 0.1], the G-orientation of T}, (Y") is used
in the following four procedures:

A: To guarantee Lemma 3.2 (3.2.3) in [28].
B: Definition of G-connected sum (cf. (1.1.1) and (1.1.2) in [28]).
C: Determining the surgery obstruction groups [28, Cases 2 and 3, pp. 26-29]

O(Ne(H)/H,Y",Zy)) and O(G,Y,Z).

D: To guarantee the equalities [28, Cases 2 and 3, pp. 26-29]
a((1=r) A" (1= wD)") = Fixg(1 = k)o(f7,0"), and
o((1=r)f, (L= r)b) = (L —r)o(f,b).

Therefore, in order to complete the proof, we should show that the replacement
of G-orientability by P-orientability does not affect Procedures A-D.

Procedure A. In the proof of [28, Lemma 3.2 (3.2.3)], the relevant group action
was the H/P-action on Y for P € P(G) and P < H with H/P cyclic. Thus,
for the conclusion, G-orientablity of T,,(Y") is superfluous and P-orientablity
of T,,,(Y") is sufficient.

Procedure B. The G-connected sums X#(G xg X) and X#(G xpy (—X))
in [28] were performed not with arbitrary H-diffeomorphisms ¢ but with the
specific H-diffeomorphisms

f|£fj‘(H’7) o f|Ua(H,+) . Ua(H,-‘r) - Ua(H,—)

and
-1 )
f|Ua(H,+) o f|Ua(H,+) . Ua(H,+) - Ua(H,+)7
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where a(H, —) and a(H, +) are the points appearing in [28, Lemma 2.3 (2.3.7)],
Uyos Uatt,—ys Uaea,+) are H-slice neighborhoods of v, a(H, —), a(H,+) in X,
and flu,_, * Usr,—) — Uy and flu, ., @ Usay) — Uy, are restrictions of
the G-map f in [28, Lemma 2.3]. As a result, we can perform the required
G-connected sum for f and also for G-maps obtained from it by G-connected
sum and G-surgery even when the G-orientability of T;,(Y") is not supplied.
Hence, without G-orientablity of T, (Y), we can perform the G-connected
sum (1+ (—3)”)X to modify x(X*) in [28, Case 1, pp. 25-26] and to modify
[Hp(X;Z)] in Ko(Z|G]) in [28, Case 3, p. 28].

Procedure C. In Cases 2 and 3 of the proof of [28, Theorem 0.1], H is in P(G).
Thus, if T, (Y) is P-orientable, then X# in [28, Lemma 2.3] is orientable so
that g : X7 — X9H9™" is orientation preserving for any ¢ € G. Consequently,
each G-manifold X appearring in the proof of [28, Theorem 0.1] has the same
property and the relevant orientation homomorphism w : Ng(H)/H — {£1}
given by the Ng(H)/H-action on X is trivial when T}, (Y") is P-orientable.
So, the obstruction groups under the P-orientability of T;,(Y) are the same
as those under the G-orientability of T, (Y').

Procedure D. Here, H € P(G). If we assume the P-orientability at yo, then
by the same argument as in Procedure C, we can obtain the same formulae of
the surgery obstructions as in [28, pp. 27 and 29|, i.e., we obtain the equality
o((1—r)HHE, (1 = k)b)H) = Fixg(1 — x)o(fH2,b"), as well as the equality
o((1=k)f,(1=r)b) = (1 = kK)o(f,b). O

Note that if vp,cy and vp,cy are L-free, F; and Fj are not contained in the
same connected component of Y for any H € £(G). Thus the restriction in
(5) does not occur when vpcy is L-free.
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